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Abstract—Undoubtedly, machine learning (ML) has demon-
strated a wealth of far-reaching successes present both at
the level of fundamental developments, design methodologies
and numerous application areas, quite often encountered in
domains requiring a high level of autonomous behavior. Over
the passage of time, there are growing challenges of privacy and
security, interpretability, explainability, confidence (credibility),
and computational sustainability, among others. In this study,
we advocate that these quests could be addressed by casting
them both conceptually and algorithmically in the unified envi-
ronment augmented by the principles of granular computing.
It is demonstrated that the level of abstraction, delivered by
granular computing plays a pivotal role in the interpretation
by quantifying the level of credibility of ML constructs. The
study also highlights the principles of granular computing and
elaborates on its landscape. The original idea of a comprehensive
and unified framework of data-knowledge environment of ML
is introduced along with a detailed discussion on how data and
knowledge are used in a seamless fashion by invoking granular
embedding and producing relevant loss functions. Key categories
of knowledge-data integration realized at the levels of data
and model (involving symbolic/qualitative models and physics-
oriented models) and investigated.

Index Terms—Gaussian process (GP), granular comput-
ing, granular embedding, information granules, knowledge-data
design environment, machine learning (ML).

I. INTRODUCTION

MACHINE learning (ML) constructs have assumed a
central role in the design and analysis of intelligent

systems. Along with success stories, there have been a rising
awareness about challenges that become more apparent with
the application areas.

Granular computing is regarded as a unified environment
of processing information granules established at a certain
level of abstraction information granules emerge as a sound
conceptual and algorithmic vehicle owing to their way of
delivering a more general view at data, ignoring irrelevant
details and supporting a suitable level of abstraction aligned
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with the nature of the problem at hand. It is worth exploring
granular computing as a contributor to the methodology of
ML. While some investigations and promising results have
been reported, there is a visible need to explore and establish
main directions as well as build a coherent environment to
cope with the above-stated challenges.

The objective of this study is to deliver a general overview
of granular computing, identify the main pursuits forming a
comprehensive research agenda and identify its far-reaching
and impactful and synergistic role in addressing vital chal-
lenges in ML and computational intelligence. We aim to foster
new and far-reaching directions of ML in forming a synergistic
granular computing-ML platform of or granular ML for brief.
There are a number of key objectives which associate with a
significant level of originality.

1) Development a conceptual and algorithmic framework of
ML augmented by the principles of granular computing
(in particular, by forming a cohesive way of constructing
granules through the principle of justifiable granularity
and augmenting models through the mechanisms of
granular embedding).

2) Conceptualization of data and knowledge facets in the
construction of ML models.

3) Identification of crucial roles of information granules
and specification of levels of information granularity
required to realize a unified framework of data-
knowledge environment of ML.

ML and granular computing have been developing inde-
pendently. When some challenges of ML started to surface
more vividly, in particular those concerning interpretability
and transparency, advocated under the banner of explainable
AI (XAI), it becomes noticeable that concepts of information
granularity and information granules (especially fuzzy sets
and rough sets) could support the agenda of XAI. Granular
computing revolves around interpretability which has been
for a long time vigorously emphasized in fuzzy rule-based
models. The quality of ML models becomes also expressed
in terms of nonnumeric outcomes and quantified in terms of
granular results, such as intervals or fuzzy sets. It is likely that
considering the recently growing interest in knowledge-data
ML, the role of granular computing in these pursuits of ML
will attract attention and trigger further investigations.

Serving as a position paper, this study identifies focal points
and highlights future potential directions. To structure our
discussion in a coherent fashion and highlight the main trends
as well as deliver a self-contained material, the study is
structured in a top-down manner. Some introductory material
offering some motivating insights and main concepts and
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objectives of granular computing are presented in Section II.
The formal frameworks of information granules are covered in
Section III. Section IV is devoted to the design of information
granules carried out with the use of the principle of justifiable
granularity. We also show linkages of this principle with
unsupervised learning and clarify a role of clusters as data-
driven information granules. The key conceptual and design
challenges emerging in ML are highlighted in Section V.
We also offer some useful insights as to the roles of
information granules in addressing these quests. A new and
emerging direction of unified knowledge-data ML is identified
in Section VI. A knowledge-data integration aiming at the
development of ML models is covered in Section VII. The
realization of such integration process is discussed for rule-
based models. Main conclusions are covered in Section IX.

II. GRANULAR COMPUTING—PRINCIPLES, INFORMATION

GRANULES, AND INFORMATION GRANULARITY

Granular computing is about information granules. More
specifically, it offers a coherent environment aimed at 1) for-
malizing information granules via one among existing formal
settings (which have been developed independently of each
other and include sets, intervals, fuzzy sets, rough sets,
probabilistic information granules, among others); 2) eliciting
information granules; 3) establishing processing mechanisms;
and 4) delivering interpretation of results and communicating
obtained findings carried out at levels of abstraction. As a
discipline, granular computing constitutes a well-rounded body
of knowledge and establishes a collection of principles that
apply across the diversity of the existing formal frameworks.
Humans perceive the world, reason, and communicate at some
level of abstraction. Abstraction comes hand in hand with
nonnumeric constructs.

Information granules are intuitively appealing constructs,
which play a paramount role in human cognitive and decision-
making activities [1], [2], [3], [4]. We perceive complex
phenomena by organizing existing knowledge along with any
available experimental evidence and structuring them into a
collection of some meaningful, semantically sound entities.
Those become central to ensuing activities of describing
the world, reasoning about the environment, classification,
prediction, and decision-making methods. Zadeh [4] coined
an informal, yet highly descriptive and compelling concept
of information granules. Generally, by information granules
one regards a collection of elements drawn together by
their closeness (resemblance, proximity, functionality, etc.)
articulated in terms of some useful spatial, temporal, or
functional relationships. The concept of information granules
is omnipresent, and this becomes well documented through
a series of applications, one may refer to some selected
studies [5], [6], [7], [8], [9], [10], [11], [12], [13], [14].

No matter which problem is taken into consideration, we
usually position it in a certain conceptual framework com-
posed of some generic and conceptually meaningful entities
- information granules. They are relevant to the problem
formulation, further problem solving, and a way in which the
findings are communicated to the external world and recipients

of the solution. Information granules realize a framework in
which we formulate generic concepts by adopting a certain
level of generality. In this sense, information granules are
examples of abstractions. As such, they naturally give rise to
hierarchical structures: the same data, problem or system can
be perceived at different levels of specificity (detail) depending
upon the complexity of the problem, available computing
resources, and particular needs to be addressed.

Granular computing fully acknowledges a notion of variable
granularity, whose range could cover detailed numeric entities
and very abstract and general information granules. It looks at
the aspects of compatibility of such information granules and
ensuing communication mechanisms of the granular worlds.
Granular computing gives rise to processing that is less time
demanding than the one required when dealing with detailed
numeric processing.

III. FRAMEWORKS OF INFORMATION GRANULES

There are numerous formal frameworks of information
granules; for illustrative purposes, we recall and contrast some
commonly considered alternatives by looking at the underlying
concepts and associated abilities to cope with the real-world
problems.

A. Diversity of Formal Settings of Information Granules

The landscape of formal environments of information gran-
ules is remarkably diversified. Numerous alternatives fall
under the realm of granular computing. There are convincing
arguments motivating their conceptualization. We also recall
some systematic ways of elicitation of the granules themselves.

Sets realize a concept of abstraction by introducing a notion
of dichotomy. We admit that a certain element either belongs
to a given information granule or is excluded from it. The
notion of interval information granules falls under the same
rubric whereas these constructs are defined over the space of
real numbers leading to discipline of interval analysis (interval
mathematics) [15], [16], [17].

Fuzzy sets deliver an important conceptual and algorithmic
generalization of sets [3], [18], [19] by admitting a notion
of partial membership. This quantification of membership
becomes instrumental in a vast array of situations where the
principle of dichotomy is neither justified. Furthermore, owing
to the smooth (differentiable) nature of membership functions,
fuzzy sets become useful in realizing optimization tasks in
which they are present. This is of particular usage when
considering gradient-based optimization schemes.

Shadowed sets [20] deliver an interesting and practically
sound description of information granules by distinguishing
among three categories of elements of the universe of dis-
course. Those are the elements, which 1) fully belong to the
concept; 2) are excluded from it; and 3) their belongingness
is completely unknown [21], [22].

The idea of hesitant fuzzy sets [23], [24] along their gen-
eralizations admit nonnumeric membership grades. A hesitant
fuzzy set is defined by membership function A which for
any element in the space produces a subinterval of [0,1].
In this sense, a shadowed set can exhibit some resemblance
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to this construct with a visible difference coming from the
conceptualization of the construct and its construct.

Rough sets [25], [26] are concerned with a roughness phe-
nomenon, which arises when an object (pattern) is described
in terms of a limited vocabulary of certain granularity. The
description of such nature gives rise to so-called lower and
upper bounds of concepts forming the essence of a rough set.

Information granules with concept of membership and
nonmembership A certain class of useful information granules
is aimed at the representation of concepts of membership
and nonmembership. Intuitionistic fuzzy set A [27], [28] is
described by a pair of membership A(x) and nonmembership
functions A∼(x) with the constraint satisfied for each element x
of the space stating that A(x) + A∼(x) ≤ 1. The byproduct is a
hesitation index 1-A(x)-A∼(x). The modifications come in the
form of the Pythagorean fuzzy sets in which one has A2(x) +
A∼2(x) ≤ 1 [29] and Fermatean fuzzy sets with the constrain
on the membership and nonmembership expressed as A3(x) +
A∼3(x) ≤ 1 [30].

The landscape of formal frameworks is quite diversified;
as interesting examples, one can recall here probabilistic sets,
a slew of probabilistic-fuzzy hybrid models of information
granules, and axiomatic fuzzy sets.

At the practical end, one should emphasize that while the
existing approaches come with some conceptual motivation
pointing at their relevance, it is of paramount importance
to have them equipped with sound development mechanisms
and estimation procedures; in several cases this is not the
case. Design processes along with the evaluation mechanisms
becomes of critical relevance implying successful deploy-
ments.

B. Information Granules of Higher Type and Higher Order

From the structural perspective, information granules are
generalized along two directions giving rise to higher order
and higher-type information granules. Higher-type granules
are granules whose membership grades of individual elements
are information granules themselves. The well-known and
intensively studied constructs are type-2 and interval-valued
fuzzy sets. In this case, the membership grades are fuzzy
sets defined over [0, 1] or intervals contained in the unit
interval. Likewise, intervals generalize to granular intervals
where the bounds are information granules, such as fuzzy sets.
The membership grades could be of probabilistic nature and
described by probability density functions defined over [0, 1];
this construct and its generalizations fall under the umbrella
of probabilistic sets. This category of generalizations is well
aligned with the real-world phenomena where one admits that
the precision of numeric membership grades is neither feasible
nor attainable.

Type-2 information granules are generalized to type-n gran-
ules where the membership grades are expressed recursively
on a basis of information granules formed at the lower
level of hierarchy. It is worth noting that type-0 information
granules are just numbers. Conceptually, this generalization
looks promising however to take full advantage of such
information granules one needs to establish a systematic way
of elicitation of granular membership grades.

Order-2 and order-n, in general, information granules asso-
ciate with the generalizations of spaces over which granules
are defined. In contrast to order-1 information granules,
order-2 information granules are used to describe hierarchi-
cally complex concepts based on a collection of reference
information granules. For instance, the term comfortable
temperature is described over the family of terms {low
temperature, average temperature, high temperature, very high
temperature} producing the vector of membership grades
[0.4/low temperature 0.9/average temperature 0.5/high temper-
ature 0.3/very high temperature].

IV. DESIGN OF INFORMATION GRANULES AND

NUMERIC-GRANULAR COMPATIBILITY

A task of building information granules constitutes a central
item on the agenda of granular computing with far-reaching
implications on its applications.

A. Principle of Justifiable Granularity

As noted, information granules are designed through the
process of abstracting available experimental evidence. Let
us start with an illustrative example. Consider a collection
of numbers representing readings of temperature over the
past month. By eyeballing them and without any computing,
we conclude that we witnessed high temperature. What has
been done, we build an information granule by arranging
the existing data in a form of a single descriptor located at
the higher level of abstraction. The principle of justifiable
granularity guides a construction of an information granule
based on available experimental evidence [11]. The resulting
information granule becomes a summarization of data (viz. the
available experimental evidence).

This principle mimics this process by admitting that the
constructed information granule is meaningful (semantically
sound) and at the same time well justified in light of the
existing data. Formally, these two intuitively appealing criteria
are expressed by the coverage and specificity measures. The
first one expresses an extent to which the granule “covers”
(includes) the data, viz. it is supported by available experimen-
tal evidence. The specificity measure quantifies an extent to
which the granule is specific (precise) and stresses semantics
(meaning) of the granule.

In case of 1-D numeric data {x1, x2, . . . , xN} as witnessed
in the above example and an information granule given in the
form of a numeric interval A = [a, b], these two criteria are
expressed as cov(A) = card{xk | xk ∈ [a, b])} and spec(A) =
g(length(A)) with g standing for the monotonically decreasing
function, length(A) = b-a, respectively. The criteria are in
conflict; with the objective to maximize both of them, the
optimization problem could be posed as the maximization of
the product of coverage and specificity completed with respect
to the bounds a and b, namely, arg maxa,b [cov(A)spec(A)].

The principle can be extended to multidimensional data and
as a result of optimization, we arrive at the optimal parameters
of the granule describing its geometry; for instance A(x; m)
with m denoting the parameters (geometry) of the granule. In
the above case, m = [a, b].
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Based on the above stated example, two design strategies
are encountered: 1) both parameters (a, b) are optimized,
and 2) a two-phase process where one starts with a numeric
representative of the numeric data (that could be mean,
median, modal) and then optimizes a and b separately by
maximizing the product of coverage and specificity where
the data lower or larger than the numeric representative are
involved in the calculations. This makes up two optimization
tasks that are 1-D.

The generic design process can be extended in differ-
ent ways. In general, the principle can be developed and
applied to the construction of information granules expressed
in different formal settings. Furthermore, interesting con-
siderations involve the design scenarios where information
contents are also involved that stems from the ML context:
1) data belonging to different classes and the design is
intended to build the granule of data belonging to a single
class (homogeneous granule); in this construction, inhibitory
information is considered; 2) building granule in the presence
of weighted data; and 3) building granules of the lowest
variability with respect to some auxiliary variable. In these
cases, not only geometric characteristics are formed but the
information content I becomes quantified in the obtained
granule A(x; m, I). Several representative design scenarios are
listed in Appendix.

The principle is also useful in expressing equivalency
between two information granules being expressed in the pres-
ence of available experimental data. An information granule A
is equivalent to B in terms of the principle when the equality
cov(A)spec(A) = cov(B)spec(B) is satisfied. This helps us
determine the parameters of A. Likewise, one can build an
information granule expressed in different formalisms, such as
building a fuzzy set equivalent with probabilistic information
granule B. If some underlying probabilistic characteristics of
data are available, the above requirement can be read as
cov(A)spec(A) = pcov(B)spec(B) with p denoting the underly-
ing probability density function.

Probabilistic information granules can be converted into
intervals or fuzzy sets by using the principle of justifiable
granularity. As the probabilistic information granules are
commonly governed by normal distribution, the calculations
are carried out as follows. Let N(0, σ) denote a Gaussian
probability function p(x) with the zero mean and standard
deviation σ . Assume T is an interval distributed around zero
with a spread d to be optimized. The coverage is computed
in the form cov(T) = ∫ d

−d p(x)dx, whereas the specificity
sp(T) is 1−([2d]/[6σ ]) = 1−(d/[3σ ]). dopt is produced
by maximizing the product of coverage and specificity;
dopt = maxd[cov(T)sp(T)]. In the same way, one obtains
the parameters of the fuzzy set. The corresponding coverage
and specificity are computed as cov(T) = ∫ d

−d T(x)p(x)dx and

sp(T) = ∫ 1
0 1−(|bα − aα|/[6σ ])dx, where aα and bα are the

lower and upper bound of the α-cut for fuzzy set T(x). The
optimal spread d for interval and triangular fuzzy set could be
determined by maximizing the product of coverage and speci-
ficity. Through straightforward computation, the relationship
between the spread d and standard deviation σ for interval

Fig. 1. Computing distance between fuzzy sets A and B based on the use
of a family of α-cuts.

granule is d = 1.15715σ. For a triangular fuzzy set, one has
d = 1.64395σ .

The principle of justifiable granularity highlights an impor-
tant facet of elevation of the type of information granularity:
the result of capturing a number of pieces of numeric experi-
mental evidence comes as a single abstract entity-information
granule. As numeric data can be thought as information
granule of type-0, the result of their concise description
becomes a single information granule of type-1. This is an
interesting phenomenon of elevation of the type of information
granularity. The increased level of abstraction is a direct
consequence of the diversity present in the originally available
granules. This elevation effect is of a general nature and can
be emphasized by stating that when dealing with experimental
evidence composed of a family of information granules of
type-n, the result becomes a single information granule of
type (n + 1). Thus, we can express this finding in the
form: a number of data of type-n are abstracted to a single
type-(n + 1) information granule.

For instance, numeric data (which are type-0) give rise to
a single information granule (type-1), type-1 data (e.g., fuzzy
sets) give rise to type-2 information granule (viz. type-2 fuzzy
set), . . ., etc.

To Recap: as a way of constructing information granules,
the principle of justifiable granularity exhibits a significant
level of generality in two essential ways. First, given the
underlying requirements of coverage and specificity, different
formalisms of information granules can be engaged. Second,
experimental evidence could be expressed as information
granules articulated in different formalisms and on this basis
certain information granule is being formed.

Clustering methods deliver a sound way of building
information granules. Depending on the way clustering method
is formulated, set-based or fuzzy information granules are
built. In many cases, like those involving K-means [31]
or fuzzy c-means (FCMs) [32], information granules are
formed around the obtained prototypes using the principle
of justifiable granularity. Some discussion is covered in [33].
This two-phase procedure helps facilitate the design process
of information granules. Refer also to detailed algorithmic
considerations covered in Appendix.

An important concept studied in granular computing and
used in its application concerns defining a distance between
information granules expressed in R. An example of com-
puting the distance for fuzzy sets in case of a 1-D space is
illustrated in Fig. 1.

Following [34], the distance between the intervals [a,b] and
[c, d] is computed by taking the lower and upper bounds,
(a-c)2 + (b-d)2. For fuzzy sets, see Fig. 1, the construct
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Fig. 2. Distribution of numeric datum and information granule visualized in
the coverage-specificity space.

Fig. 3. Optimization of compatibility—A display in the coverage-specificity
space; and the highest value is achieved when A and x are the same numeric
entities.

Fig. 4. Plot of expression 1-cov*sp shown for selected values of the spread
of the triangular fuzzy set A = T(x; 7-s, 7, 7 + s), s = 0.5 (solid line), 1.5
(dotted line), and 2.5 (dashed line) with x moving along [0,10].

is realized by taking α-cuts Aα and Bα and integrating the
distances d(Aα , Bα) = (aα − cα)2 + (bα − dα)2 over the
threshold values, d(A, B) = ∫ 1

0 d(Aα, Bα)dα.

B. Compatibility of Numeric Evidence and Information
Granule

The use of the coverage and specificity criteria provide
an interesting insight into a way in which a location of
information granule and numeric datum is characterized as
illustrated in Fig. 2. The numeric datum and information
granule (in this case we take a triangular fizzy set) show the
highest level of compatibility (agreement) when both coverage
and specificity are made the highest, namely, the product of
these two measures attains its maximal value, see Fig. 3.

The visualization of the compatibility between a triangular
information granule A with a modal value and bounds and
numeric value sliding across the input space [0, 10] with the
specificity regarded as a linearly decreasing function (with
range = 10) is shown in Fig. 4. Here, plots for As with several
values of spread s are covered.

As will be discussed in Section VI-F, the derivative of the
expression 1-cov*sp will be used in the computing the loss
function. For the higher values of a, the plot shows broader
ranges of the linearly changing sections of the expression. This
becomes instrumental in the optimization of the loss function
with the usage of the gradient-based methods.

V. CHALLENGES OF MACHINE LEARNING AND

PERSPECTIVE OF GRANULAR COMPUTING

With the rapid advances in ML, it becomes apparent that
there are a number of evident challenges. Addressing them is
required to further foster the progress in the area and expand
a spectrum of application areas. We identify several of them
and point out that information granules offer some interesting,
conceptually and algorithmically viable solutions.

A. Confidence/Credibility of ML Results

As data are central to all ML models, the quality produced
by the models are directly implied by the location of a
new situation vis-à-vis data being used for training pur-
poses. Obviously, going beyond some boundaries of acquired
“expertise” of the model associated with substantial risks
that have to be assessed. Questions emerge: given x, what
confidence/credibility level could one associated with the
produced result? Is the result credible? Could the result trigger
some legitimate action or the system so that actionability
becomes secured.

Information granularity plays a pivotal role with this regard.
Instead of a numeric result produced by the model, information
granule produced by the ML can offer a useful and quantifiable
solution to the problem through raising awareness as to the
possible need to acquire more evidence before proceeding
with making any sound decision. The specificity of the output
information granule can serve as a sound measure describing
the quality of the result.

Different formal approaches could be envisioned here. We
recall the two of them.

1) Granular Embedding: Numeric parameters, a, of the
ML model M(x; a) are elevated to their granular counterparts
by forming information granules distributed around them. The
transformation G, A = G(a, ε) denotes the mapping of a ∈ Rp

(with p standing for the number of parameters of the model) to
a p-dimensional vector of information granules A. For interval
embedding, a numeric parameter a is transformed into an
interval spanned over a, [min(a(1-ε), a(1 + ε)), max(a(1-ε),
a(1 + ε))], ε ∈ [0, 1]. The hyperparameter ε denotes a level
of information granularity and its value is optimized through
the maximization of the product of coverage and specificity
of results of the model M(x; G(a,ε)) with the coverage being
computed for the data D used to learn the numeric model
M(x; a). Granular embedding can be applied to input data. To
describe their granularity (as encountered in regression with
uncertain data), instead of numeric x, we admit its granular
counterpart X associated with some level of information
granularity δ, X = G(x, δ). Then we have M(G(x, δ), a). Also,
granular embedding can be completed at the parameter and
data side resulting in M(G(x, δ), G(a,ε)).
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2) Gaussian Process: model [35], [36] produces results
that come in the form of probabilistic information granules
described by Gaussian distributions. The process GP(m, κ(x,
x’)) is characterized by some mean function m and covariance
function κ(x, x’). For any x, the GP model GP(y| x, D) gives
rise to the corresponding output viewed in the form of a
Gaussian distribution, N(m, σ ) inferred on a basis of training
data D where the standard deviation σ describes the level of
granularity of the obtained result for given input x. Several
design alternatives are sought with regard to the selection of
kernels realizing the covariance function. A two-phase design
process is invoked: a numeric model is built first and then
a representative subset of training data is used to construct
the GP model thus augmenting the numeric results with the
probabilistic granules.

While the formats of information granules arising from
1) and 2) are different, the results could be treated uni-
formly by engaging the principle of justifiable granularity.
Another general observation, which is self-explanatory, is
worth making here: there are no ideal ML models. While type-
n information granules are used to build the model, to be in
rapport with reality, the results produced by the model have to
be type-(n + 1) information granules. In granular embedding,
we advocate granular format of parameters (assuming numeric
data and optimal numeric parameters) which entails granular
results. In the GP model, eventually built on a basis of a
numeric model, the results arise in the form of probabilistic
information granules.

The above augmentations can endow the ML design
methodology with a useful self-awareness mechanism, where
the quality (granularity) of the result not only quantifies the
confidence (and eventually offer some visualization mecha-
nism) but helps the model to become aware of its limitations
and potentially invoke further learning through the mecha-
nisms of active learning [38], [39], [40].

B. Interpretability and Explainability

These two features of ML architectures [41], [42] is one of
the crucial requirements well-articulated in XAI. Information
granules are conceptually and algorithmically viable constructs
as lucidly demonstrated in [43]. Concepts described by fuzzy
sets, rough sets, relationships in the form of rule-based models
and associations have been intensively studied in the literature.

In fuzzy rule-based models, information granularity estab-
lishes a suitable level of abstraction (depending upon a
particular application and the needs of the recipient of the ML
model). More rules coming with more specific condition and
conclusion parts capture more details and potentially produce
higher accuracy (at the numeric level), however the inter-
pretability and interpretability become adversely impacted.
One usually admits that any quantification of interpretability
(which is multifaceted) includes in its formulation the number
of rules (and this could be controlled by the number of clusters
produced by the commonly used FCM clustering algorithm).
Its interesting aspect of interpretability is a stability of rules.
Intuitively, as knowledge conveyed (or elicited) by the rules
should not be volatile, we anticipate that the rules observed

at a level of information granules and expressing associations
among input and output variables (for instance, causes and
effects) are stable so they do not change their semantics in
the presence of some variations in the data. The rule “if x is
small then y is medium” remains the same even data change
slightly. Obviously, for such distorted data, the linguistic
terms (small, medium) could come with varying membership
functions (different parameter values) but the related meaning
(conveyed by the symbolic contents of the terms) remains
the same. Here, we capitalize on the duality of information
granules, that could be treated either as symbols or numeric
constructs with the underlying parameters.

VI. UNIFIED KNOWLEDGE-DATA ENVIRONMENT OF

DESIGN OF ML

Data are a holy grail of ML. They are behind the undis-
putable successes of the discipline. They also come with
challenges that are imminent, in particular in light of the
diversity and the nature of data and their volume. The key
observations concern some essential characteristics of the
multitude of ML constructs, their design and deployment (and
very likely the ones emerging in the future): 1) in virtue of
the underlying complexity and distributed architectures (for
example, consider deep learning networks) are black boxes;
2) going beyond the boundaries of data used to build the ML
architectures (built on the principle of inductive reasoning)
brings a question of credibility/confidence/relevance of the
produced results (which becomes of central importance when
deploying the models in critical environments requiring a high
level of autonomy, consider autonomous vehicles); 3) learning
is commonly realized from scratch, which brings a high level
of computing overhead; 4) loss functions emphasize the quality
expressed in terms of prediction or classification accuracy; and
5) any possible data attack impacts the construction and the
functioning of the model. In light of the arguments put forward
and to emphasize this point on reliance on data in the ML
design methodology, we can refer to the resulting mapping
D → MD with the subscript emphasizing the origin of the
ML model MD.

A. Knowledge

In every real-world problem, there is some knowledge that
as of now has not been accommodated as a part of the design
environment of ML architectures. Going beyond the data in
the development of ML models, sounds attractive and deserves
careful attention. One may anticipate far reaching ramifications
of this conceptualization. The main direction emerging in this
way could be referred to as knowledge-data ML or KD-ML in
brief. In essence, denoting the knowledge as K, the resulting
construct could be expressed as MDK. There are different ways
of representing knowledge and using it in the realization of
the model. Quite commonly, one can envision that the design
of MDK is guided by a general (extended) loss function whose
important component is a regularization term reflecting the
knowledge conveyed in the problem.

For the sake of completeness, one could also remark that the
standard data-oriented practice of ML is to augment the loss
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function by admitting a so-called regularization term. Its role is
to avoid possible memorization effect by controlling the nature
of the parameters of the constructed model. In the context of
knowledge involved in the design, this term is referred to as
a knowledge regularization component.

B. Taxonomy

When pursuing the agenda of KD-ML, the two fundamental
questions that need to be posed and carefully addressed
concern the origin and taxonomy of knowledge as well as its
suitable representation.

When it comes to the origin and taxonomy of knowledge,
there are several key categories encountered [44].

Scientific knowledge This knowledge is articulated through
universal laws of physics, chemistry and invariants of mass
conservation, moment conservation, etc. For instance, one
can refer to Newton’s law of motion, Maxwell’s law of
electromagnetics and conservation laws (conservation of mass,
moment, energy, . . .).

Interestingly, the considerations developed within this realm
have led to the recent developments of physics-informed
ML [45], [46], [47], [48].

Commonsense knowledge: Two main categories are distin-
guished here.

1) World Knowledge: This category of knowledge com-
prises everyday life facts; it is intuitive and validated by
human reasoning (subsumes linguistics) and validated
through empirical studies; various levels of abstraction
(information granules) are present.

2) Expert Knowledge Again: This represents common
knowledge being held by a particular group of experts.
Various levels of abstraction (specificity of information
granules) are also considered.

The theme of knowledge representation has been central on
the agenda of AI. There have been fundamental discussions
on the symbolic and connectionist perspective of knowledge
representation with the associated benefits and limitations,
as convincingly advocated by Minsky [49]. Interestingly, he
made compelling arguments on the role of heuristics being
played in the representation schemes . . .. Our purely numeric
connectionist networks are inherently deficient in abilities to
reason well; or purely symbolic logical systems are inherently
deficient in abilities to represent the all-important heuristic
connections between things–the uncertain approximate or ana-
logical links . . ..

C. Knowledge Representation

There are numerous and highly diversified formal ways
aimed at knowledge representation including the following.

1) Algebraic equations, differential equations, simulation
results, and spatial invariances (translations and rota-
tions). These fall under the umbrella of ways in which
scientific knowledge is being represented. They serve as
vehicles to support physics-informed ML.

2) Logic rules and rule-based models, knowledge graphs,
relations and relational calculus, semantic networks, and

frames with default assignments. These are the schemes
proposed and intensively studied in the area of AI.

D. Knowledge Elicitation

Once some way of knowledge representation has been
decided upon, it must be elicited. In the area of AI, there
have been intensive studies [50], [51] on ways how knowl-
edge can be acquired and its quality evaluated. The key
features of acquired knowledge determining its relevance
involve completeness and consistency, among others. With
the increasing level of complexity and dimensionality of the
problem, any human way of knowledge acquisition is faced
with a phenomenon of knowledge acquisition bottleneck [52].
As a follow-up, there is no guarantee that the knowledge
guidance is ideal and as such its contribution to knowledge-
data ML is instrumental but cannot be regarded as the only
player in this design environment.

E. Duality of Information Granules

Information granules exhibit an important feature of duality.
They can be sought as symbols (S, M, L, . . ., etc.) and as
such are subject to symbol processing (for instance, governed
by grammar rules). On the other hand, they are grounded
and their numeric manifestation is subject to number-oriented
processing. If S, M, and L are linguistic terms, we may have
rules of symbolic processing, such as S + M = VL (very
large), etc. but once they are described by numeric membership
functions, operations on them yield some numeric results.

The key point worth making is that knowledge is inherently
represented at the higher than numeric level of abstraction.
Hence, the role of information granules becomes inherently
visible and their usage in KD-ML turn out to be apparent.
Essential is the crucial symbolic and numeric duality of
information granules.

There are two main levels of knowledge integration in
knowledge-data ML, namely, knowledge integration com-
pleted at the data level and the integration carried out at the
level of architectures of ML models.

F. Learning

In the presence of data D, the commonly encountered loss
function used in the construction of M (or more specifically
MD) assumes the following form:

L =
∑

D

(M(xk, w) − tk)
2 + μ||w||. (1)

where the second component is a regularization term whose
contribution to L is guided by the non-negative weight μ. The
norm ||.|| is either L0, L1, or L2. By analogy, the inclusion
of knowledge in the loss function is completed in an additive
form

L =
∑

D

(M(xk, w) − tk)
2 + μ

∑

D

RK (2)

where R(K) denotes the knowledge-oriented regularization.
μ is a non-negative hyperparameter that strikes a balance
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between the impact of data and knowledge. Its value is
optimized on a basis of the validation set.

The guidance provided by the knowledge model MK pro-
vides information granule in the design process. Thus, if for
some x the model MD returns MD(x) at the same time MK

returns granule Y = MK(x). The compatibility is expressed as a
product of coverage and specificity and its derivative becomes
used in the gradient-based optimization of L. In this sense,
the use of the smooth non-Boolean membership function
(information granule) because advantageous to improve the
efficiency of the learning process. The detailed calculations of
the derivative of the knowledge regularization term computed
with respect to the ith component of w, wi are expressed as

d

dwi
(1−cov(M(x;w), Y)sp(Y)) = −spY

d

dwi
(cov(M(x;w)) =

= −sp(Y)
dcovM(x;w)

d(Mx;w)

d(Mx;w)

dwi
. (3)

VII. KNOWLEDGE AND DATA INTEGRATION IN ML

A. Physics-Informed ML

Physics-informed ML has been intensively pursued in recent
years. As a convincing testimony, one can refer to the recent
collection of studies reported in [53]. There are several
compelling arguments behind this direction of ML studies
including 1) an ability to describe a physical phenomenon at a
global level and 2) endowing the constructed ML model with
locally available data driven model. In the design we engage
some invariants, including laws of mass and momentum
conservation.

The scientific knowledge is described by some relationships
present in the system governed by equation g(x, y, a) = 0
with a denoting a vector of parameters. The dynamic systems
are described with the use of dynamics-oriented models,
namely, differential and partial differential equations. Given
the training data D = (xk, tk), k = 1, 2, . . . N and D∗
composed of collocation data, the loss function guiding the
development of the ML model M(x; w) is additive consisting
of two components

L = λ
∑

D

(M(xk;w) − tk)
2 + (1 − λ)

∑

D∗
|gxk, M(xk;w), a|. (4)

The second term of L enforces M to fit the collocation
points. The hyperparameters λ assuming values in [0,1] strikes
a sound tradeoff between the usage of guidance stemming
from data and knowledge sources. As g(x,y, a) is commonly
acceptable and comprehended by the community, the physics-
informed ML promotes interpretability of the resulting model.

B. Augmentation of Data Driven Models by
Knowledge-Oriented Constraints

The data blinding effect (viz. an exclusive reliance on
data) can be reduced by accommodating knowledge -oriented
constraints. The constraints can be sought as sources of
knowledge describing the input-output relationships existing
in the problem.

As an illustrative example, let us consider a single input-
single output ML model in the form of a neural network

Fig. 5. One-dimensional data (a) and Laffer effect (b) providing knowledge
constraints.

NN(x; w) built on a basis of some data D = {x1, x2, . . . , xN}
as illustrated in Fig. 5. The constructed neural network may
suggest a nonlinearly increasing input-output relationship and
its usage for predicting higher values of the input may imply
higher values of the output. The derived conclusion serves as
a simple example of data blinding. This is a direct conclusion
of the fact that the problem is being viewed as exclusively
through the lenses of data and ignoring the commonsense
knowledge. Before proceeding with the design of the neural
network, note that are informed that the input variable is tax
rate (in range 0–100) and the output is a tax revenue. It is
apparent that the continuously increasing relationship could be
simply misleading–indeed 100% tax rate does not offer any
incentive. The relationship is known as a Laffer effect stating
that a total revenue is not maximized with the increase of tax
rates; and beyond some point the workers are disincentivized.

Thus, the data can be augmented by some semantically
sound relationships. In this case, we express them by bringing
three constraints in the form.

1) Including a boundary condition at 100% NN(x;
w)|x=100 = 0.

2) Considering a single optimal value x0 where NN(x0;
w) attains maximum, namely, dNN(x; w)/dx|x = x0 = 0.
This relationship captures a certain knowledge-implied
constraint.

3) Requesting the maximum x0 is located as far from
maxk=1,2,...,N xk; we argue that some maximal and
yet optimal (the higher) value of revenue. The follow-
ing function ϕ(x) is introduced: it is increasing over
[maxk = 1,2, . . . , N xk, 100] and set to 0 otherwise.

The loss function L becomes formed as a linear combination
whose structure is the same as in (2) involving the data-driven
neural network and the satisfaction of the constraints specified
above

L = λ
∑

D

(NN(xk;w) − tk)
2 + (5)

(1 − λ)

[

NN(100;w) +
∣
∣
∣
∣
dNN(x;w)

dx

∣
∣
∣
∣
x=x0

+ exp(−φ(x0))

]

.

The minimization of the loss function is carried out with
respect to λ, w, and x0.

C. Constraints as Information Granules

In general, we may formulate a general format of the design
of the ML model M in the presence of knowledge hints
articulated as some constraints and required local extreme
describing the nonlinear characteristics of the model.
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(a) (b)

Fig. 6. Examples of data and information granules expressing knowledge-
guided constraints: (a) (Ak, Bk) and (b) (xk, Bk), k = 1,2, . . . , N*.

1) Boundary condition M(x; w)|xk=xk∼ = ak where
(xk ∼,tk ∼), k = 1, 2, . . . , N∼ are specified constraints.

2) Local extreme expressed at some predetermined points
(xk*,tk*), k = 1, 2, . . . N, dM(xk*, w)/dxk* = 0.

The knowledge hints as being expressed at higher level
of abstraction could be provided in the form of information
granules to capture the available level of precision. The
constraints are expressed in the form D* = (Ak, Bk) where
both Ak and Bk are information granules (intervals, fuzzy sets),
k = 1, 2, . . . , N*. The plot of illustrative relationships is shown
in Fig. 6.

The loss function is again additive by involving the data-
based learning component and the one in which the knowledge
hints are to be accommodated. Because of the granularity of
the constraints, the key point is to determine the distance
between the Yk = M(Ak; w) and Bk. As we are concerned with
the two information granules, the calculations depend upon the
formalism of information granules under considerations. If Yk

and Bk are intervals, the distance ||M(Ak; w)-Bk || computed by
considering distances between the bounds of the intervals. If
fuzzy sets are considered, their α-cuts are determined, namely,
Ykα and Bkα and the distances between intervals are integrated
over [0,1]. The loss function reads as follows:

L = λ
∑

D

(M(xk;w) − tk)
2 + (1 − λ)

N∗∑

k=1

||M(Ak;w) − Bk||. (6)

The form of knowledge hints can assume a form of pairs
(xk, Bk) where the input is numeric. As before, the loss
function is additive and consists of two components

L = λ
∑

D

(M(xk;w) − tk)
2 + (1 − λ)

N∗∑

k=1

(1−cov(M(xk;w), Bk)sp(Bk)).

(7)

The second part realizes the matching between Bk and
M(xk, w).

D. Physics-Oriented ML Models With Granular Expansion
of the Knowledge-Driven Model

The real-world system we are interested to model is gov-
erned by the mapping f *: R → [0,1]. f * is a complex system
with eventually varying or stochastically implied parameters.
The physics-driven model F of f * is usually formed because
of intensive research and equipped with some parameters
estimated over data. Such models are deemed to capture
the essentials of the system, and quite relevant to a broad
range of the input variables. However, they are general and

Fig. 7. Physics-oriented model F supporting the design of ML model M.

while applicable to a vast array of situations (regions of the
input domain), might not be accurate for the actual situation
for which some input-output data are available. The limited
accuracy is observed globally. There is no guarantee that such
data support the design of the ML model, however we may
anticipate that its accuracy is high for the local regions implied
by the location of the data. Fig. 7 illustrates this situation.

Thus, the data-oriented model M is designed with the use of
D and its parameters are estimated leading to M(x; w). While
M interpolates outside the regions occupied by D, its results
are not validated.

On the other hand, F is of global nature, however, not
necessarily fits well the data as M does in a local way.
To quantify this effect, we complete granular embedding by
admitting agranular nature of its parameters a, A = Gε(a)
which gives rise to F(x, Aε) with ε standing for the level
of information granularity; this hyperparameter is optimized
(maximized) on a basis of D.

The loss function consists of two parts

L = λ
∑

D

(M(xk;w) − tk)
2 + (1 − λ) (8)

N∗∑

k=1

(1−cov(M(xk;w), F(xk, Aε))sp(F(xk, Aε)).

The optimization is realized with respect to w, ε, and λ

assuming values in [0,1] where the minimization of L is
accomplished in the presence of some validation set. One may
look at this design scenario as resembling transfer learning
and knowledge distillation [54], however there is an apparent
difference. In this scheme, we admit that the performance of
teacher is manifested in the form of information granules and
because of the form of the second term of (8), its impact on
the design of M varies from data to data, while this type of
individual contribution of data is not available in the generic
mechanism of transfer learning. Furthermore, in knowledge
distillation discussed in the setting of classification problems,
the hyperparameter of temperature softening the original logics
is optimized and its role resemblances the one of the levels of
information granularity.

VIII. RULE-BASED MODELS IN THE REALIZATION OF

DATA AND KNOWLEDGE ENVIRONMENT

Knowledge and data facet of ML supplement each other to
eliminate potential gaps. Realistically, the data do not “cover”
the entire space (as we can never account for all possible
situations and collect pertinent data). Likewise, knowledge
might not be complete–a problem of knowledge bottleneck
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Fig. 8. Example set of control rules (fuzzy controller).

was flagged as one of the issues in knowledge-based systems;
some facts and relationships (because of their evident rela-
tionships) might be overlooked quite often in the process of
knowledge elicitation.

A. Qualitative (Symbolic) Models

Qualitative models [55] and symbolic processing [56] have
been under intensive studies in the realm of AI, especially
in the eighties, when there was a great deal of studies on
knowledge representation. The key idea behind these models
is to describe relationships among variables (inputs and out-
puts) at the qualitative (symbolic) level where the variables
are quantified through a collection of symbolic (qualitative)
landmarks. Qualitative reasoning about continuous domains
requires quantization of the domain to a discrete and small
number of symbols. The values being chosen reflect regions of
qualitatively uniform component behavior, whereas interesting
transitions occur at such boundary points.

Apparently, the qualitative models are more abstract than
number-oriented constructs. They do not focus on numeric
detailed aspects but rather tend to reveal qualitative dependen-
cies and in this sense orient toward forming some interpretable
relationships.

B. Rule-Based Architectures

Rule-based models assume a visible position in the realiza-
tion of symbolic models. This interpretability aspect has been
emphasized in the current trend of studies on XAI. The rules
are conditional statements whose condition and conclusion
parts are articulated with symbols. For instance, the rule reads
as “if x is S and z is M then y is L” where the landmarks
small (S), medium (M), zero (Z), and alike are positioned in
the input and output space. A limited repertoire of landmarks
could consist various symbols (qualitative values), such as
− (negative), Z (zero), and + (positive) as discussed in
qualitative models. The rules are elicited from domain expert.
At the implementation end, a critical step is to ground the
symbols, namely, endow them with sound semantics in the
context of a problem at hand. The symbol grounding involves
intervals and their variants, such as rough intervals or fuzzy
sets.

Fuzzy controllers are positioned in the plethora of symbolic
models (symbolic controllers), see Fig. 8. The constructs well
known in the fuzzy control community are based on control
rules that capture the essence of control strategies. The inputs
are error and change of error while the output is control
variable. In this particular case, the landmarks are implemented
as fuzzy sets. The symbol grounding is completed by admitting

Fig. 9. Knowledge-data design environment with qualitative model.

some specific membership functions along with the parameters
of the corresponding fuzzy sets. The table captures 25 rules
which at the symbolic level are easily comprehended, for
instance, “if error is negative big (NB) and change of error
is Z (Zero) then control is P (Positive).” On the other
hand, as each symbol is grounded through the corresponding
membership function, the mechanisms of approximate reason-
ing applied here give rise to numeric values of the output
(control).

Bringing data and knowledge conveyed by symbolic models
requires a mindful process of model design in this heteroge-
neous environment. It is worth emphasizing that in light of
the symbolic nature of the qualitative models (and the results
produced there), a suitable synergistic mechanism is required
as well as a way of building the model and its validation.

An overall way of building ML models in the presence of
symbolic model and data is displayed in Fig. 9.

On the one hand, as usual, the construction of the ML
model is guided by available numeric data D = (xk, tk),
k = 1,2, . . . , N. On the other, there is some useful guidance
delivered by the symbolic model. In virtue of the qualitative
nature of this model, they are conveyed in the form of some
information granule which is used directly in the optimization
of the augmented loss function.

Proceeding with the details, we start by symbol grounding
at the side of the symbolic model. Consider that the symbols
are mapped on some ordinal scale viz. the symbols are
associated with the numeric values. For instance, the symbols
NL (negative Large), NM (negative Medium), . . . , defined over
variable of speed are organized with some order imposed NL
≺ NM ≺ . . . and with each of them we associate the numeric
entries a1, a2, a3, . . . , organized in increasing order a1< a2<. . .

Without loss of generality, we confine these entries to the unit
interval so a = [a1, a2, . . ., an]. They are sought because of
grounding the symbols. Furthermore, assume that the values of
ais are distributed over the range of values the corresponding
variable in D takes on.

We complete the same embedding mechanism for other
input variables, namely, {bi}, {cl}, and the output variable
{dj}. These numeric values are structured into a vector form
giving rise to a, b, c, and d. Next, they are concatenated into
a single vector A = [a |b| c| d] whose entries are subject
to optimization as discussed in a while. In this sense A
can be sought as the knowledge conveyed by the symbolic
model DK = A. Using A, we build a GP regression. Once
done, for any xk coming from D, the knowledge-based model
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produces a probabilistic Gaussian information granule with
the corresponding mean value and the standard deviation, viz.
we obtain GP(m(xk),σ(xk) |A). This granule is transformed
into an equivalent interval or fuzzy set information granule
following the optimized equivalence relationship discussed in
Section IV-A.

Finally, for each xk, the corresponding output of the
knowledge-based model becomes Yk. In the sequel, the loss
function consists of the two terms

L = λ
∑

D

||M(xk, w) − tk|| + (1 − λ)
∑

D

(1−cov(M(xk, w), Yk)sp(Yk)).

(9)

where λ ∈ [0, 1] is a hyperparameter with values in [0,
1] balancing the contribution of guidance coming from data
D and DK . As in the previous situations, the value of λ is
optimized on a basis of the validation set. The minimization is
completed with respect to the model coming from some class
of models M and its parameters described by w, M(x; w).

This minimization is also realized for the assumed values
of the grounding parameters A. They themselves could be
optimized, namely, Aopt = arg minA L. In other words, there
are two nested optimization loops-optimization with respect
to A

− given DK (that is the GP model), optimize M ∈ M and w.

(10)

While the optimization of (9) could be gradient-based,
the nature of the optimization of DK , some population-based
optimization (PSO, ant colonies, differential evolution) could
be considered.

IX. CONCLUSION

The study has raised and elaborated on the promising facets
of synergy of ML and granular computing. By identifying the
ongoing challenges of privacy, computational sustainability,
confidence (credibility) and interpretability, we have stressed
the importance of the key features of information granules
aimed at the reformulation and conceptualization of the prob-
lems and building efficient solutions. It has been demonstrated
that the new and promising and far-reaching direction of
knowledge-data ML can be achieved by structuring a design
framework and formulating coherent loss functions.

There is a broad and productive agenda of future pursuits
located at the junction of ML and granular computing. An
ultimate objective is to enhance the developments of ML by
endowing its constructs by mechanisms of evaluation their
performance by admitting inherent information granularity (of
higher-type/higher order). This may raise awareness about the
limit performance of the models and trigger further actions
by engaging ways of its enhancements (e.g., through active
learning). One can gain flexibility in establishing tradeoffs
and identifying limitations among design criteria of accu-
racy, stability, interpretability by positioning the development
at a suitable problem-implied level of abstraction. Further
investigations worth pursuing could be focused on the indus-
trial aspects of knowledge-oriented systems, including control
systems [57].
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