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From Fuzzy Rule-Based Models to Granular Models
Ye Cui , Hanyu E , Witold Pedrycz , Life Fellow, IEEE,

Zhiwu Li , Fellow, IEEE, and Xianmin Wang

Abstract—Fuzzy rule-based models constructed in the presence
of numeric data are nonlinear numeric models producing for any
input some numeric output. There are no ideal models so the
obtained numeric output could create a false illusion of achieved
accuracy. A desirable approach is to augment the results with
some measure of confidence (credibility) by admitting a granular
rather than numeric format of the produced output values of
the model. Our focus of this study is on fuzzy Takagi–Sugeno
rule-based models whose conclusions are constant. The ultimate
objective is to extend such models to the generalized granular
structure with the conclusions formed as information granules. We
study information granules described by intervals and fuzzy sets as
well as probabilistic Gaussian information granules. The original
design of the granular model is realized by involving the principle
of justifiable granularity. Using this principle, we also show how
to determine the equivalence between information granules. The
construction of probabilistic information granules of the model
is completed with the aid of optimized Gaussian process models.
The granular models built in this way constitute a substantial and
application-oriented departure from the numeric fuzzy models by
offering a comprehensive insight into the quality of the produced
results. The experimental studies based on synthetic and publicly
available data demonstrate the design process and discuss the
quality of the obtained results.

Index Terms—Gaussian process, granular model, information
granule, rule-based model, the principle of justifiable granularity.

I. INTRODUCTION

FUZZY rule-based models are constructed on a basis of
fuzzy rules. Two main categories have been studied, namely
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Takagi–Sugeno (TS) (functional) models and Mamdani (rela-
tional) models [1]. In the TS models, the conclusions are (nu-
meric) local functions (fi). The rules realize a nonlinear mapping
from an n-dimensional input space to a 1-D output space, namely
“if x is Ai, then y is fi”. In Mamdani models, the conclusions
are fuzzy sets with the rules in the form “if x is Ai, then y is
Bi”. The TS models started to gain popularity due to a number
of compelling reasons: 1) TS models realize numeric mappings
owing to the nonlinear membership functions in the conditions
and the nonlinearity of the local functions. 2) The data-driven
design process is well established and well documented in the
literature [2], [3], [4]. The models are designed in the presence
of multivariable data. 3) The accuracy is achieved through the
minimization of the loss function; the number of rules could be
increased to reduce approximation error.

Relational models, although historically emerged earlier than
TS models, have not gained the same level of visibility, inter-
est, and applicability. The models are predominantly expert-
designed – the rules are hand-crafted. The dimensionality of
systems being modeled in this way is low. Usually, the models
are built for only a few input variables. When proceeding with
problems of higher dimensionality, we encounter an evident
knowledge acquisition bottleneck as clearly identified in nu-
merous studies on expert systems [5], [6], [7], [8]. The inference
mechanisms are based on relational calculus and subsequently
the obtained result is a fuzzy set. As the design objective of fuzzy
models has been driven by the accuracy criterion, fuzzy sets are
decoded to a single numeric value in the process one commonly
refers to as defuzzification. Note that the (numeric) accuracy
of relational models is usually lower than the TS ones [9], [10].
Surprisingly, the advantage of fuzzy models of providing outputs
in the form of fuzzy sets (or information granules, in general)
have not been explored. Having this in mind, our objective is to
deliver granular results of TS with the granularity of the results
where information granularity serves as a tangible measure
expressing their confidence (credibility).

We advocate here an inherent phenomenon of type elevation
of information granules. Numeric data (regarded as type-0 in-
formation granule) used to build a (numeric) model come with
the usage and evaluation of their results realized in the form
of information granules of higher type, at least type-1. This
phenomenon could be referred to in the discipline of Granular
computing as an elevation principle of type of information
granularity [11], [12], [13]. For instance, in this way we talk
about type-1 and type-2 fuzzy sets. Type-1 fuzzy sets define
varying degrees of importance of information depending on
the numerical location of the data, while type-2 fuzzy sets
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Fig. 1. From numeric to granular modeling: the design of granular rule-based
models.

introduce a defined level of granularity (uncertainty). This spec-
ification of uncertainty enables the formation of higher-type
information granules [14], [15], [16].

Capitalizing on the well-established methodology of TS mod-
els, we develop granular augmentation of the numeric model
producing results in the form of information granules. The
resulting constructs emerge as granular rule-based models. This
methodology offers an original and far-reaching avenue of fuzzy
modeling making the rule-based models more in rapport with
application environments and becomes instrumental in a prudent
deployment of fuzzy models.

An overall design framework of the study is portrayed in
Fig. 1. The figure underlines two layers of design. Starting with a
well-established numeric TS model, two alternative information
granularity elevation strategies leading to Granular modeling are
developed by building granular (interval or fuzzy set based) TS,
G-TS and probabilistic TS, P-TS by involving Gaussian process
(GP) mechanism. Furthermore, as visualized in this figure, the
granular equivalence between types of information granules is
established.

The main objectives of the study are outlined as follows.
1) We deliver a critical analysis of design practices of rule-

based models vis-à-vis the character of their numeric
results and an associated lack of quantification of their
quality/confidence.

2) We form a proposal of forming ways of elevation of type
of information granularity of results in rule-based models
by involving interval, fuzzy and probabilistic information
granules.

3) We explore granular equivalence between information
granules through the use of the principle of justifiable
granularity encountered as a part of the methodological
framework of Granular computing.

These objectives exhibit some aspects of originality by bring-
ing novel ways of emphasizing and constructing granular rule-
based models.

1) As for the methodology and design methods, these have
not been raised and studied systematically. Some prelim-
inary studies have been carried out in [17] and [18], how-
ever, they do not tackle the spectrum of design practices
established in this article.

2) Additionally, another novel aspect of our work is the
exploration of methods for transforming between different
types of information granules.

The exposure of the material is structured in a top-down man-
ner. The rest of this article is organized as follows. In Section II,
the literature review for the improvement of the regression model
is depicted. In Section III, the basic knowledge is introduced,
namely a design of TS rule-based model, construction of infor-
mation granules by the principle of justifiable granularity and
GP method. Section IV discusses the generation of granular
models, granular TS model, and probabilistic TS model. The
experimental results covered in Section V. Finally, Section VI
concludes this article.

In the study, we adhere to the standard notation. Vectors are
shown in boldface and information granules (intervals, fuzzy
sets and probabilistic information granules) are shown in capital
letters. The data come in the form of input–output pairs (xk,
targetk), k= 12, . . . ,N, where xk is defined in the n-dimensional
input space Rn.

II. LITERATURE REVIEW

The landscape of regression modeling has been undergoing
a significant transformation with the integration of granular
computing concepts, reflecting a shift from purely numeric
predictions to models that incorporate measures of uncertainty
and granularity. This brief and focused review delves into the
progression of traditional regression models, such as neural
networks (NN) and linear models, towards incorporating infor-
mation granules like intervals. NN are combined with prediction
intervals (PI) and confidence intervals (CI) through several
methods to improve the reliability of their predictions [19], [20].
Khosravi et al. [21] proposed some combination techniques,
such as delta and Bayesian. Delta method involves calculating
the gradient and Jacobian matrices, the first derivative of output
with respect to its input, which estimate the total variance and
form the PI around the numeric predictions. The Bayesian
method integrates Bayesian inference into the NN training
process, treating the model parameters as random variables
with prior distributions. As data are observed, update the prior
distributions to posterior distributions using Bayes’ theorem.
Then draw samples from the posterior distributions of the NN
parameters. These samples represent different plausible param-
eter configurations given the observed data. In this case, we can
use the sampled parameters to generate multiple predictions for
each input, then the prediction intervals can be constructed based
on the distribution of these multiple predictions. In addition,
building on the concepts of NN and granularity, Granular neural
networks (GNNs) represent a fusion of neural computation
with granular computing [22], [23], [24], [25]. GNN adapts the
learning mechanisms of neural networks to work with gran-
ulated data or generates the granular weights instead of the
numeric weights to produce the interval-valued outputs. In linear
regression models, the concepts of confidence and prediction
intervals are widely used and can be easily determined with the
formulas available in the published studies [26]. Cui et al. [17]
proposed a method to augment the rule-based model to produce
the prediction intervals. Based on the derived numeric results, the
prediction intervals are generated with the formula in [27]. Sanz
et al. [28] developed a compact evolutionary interval-valued

Authorized licensed use limited to: UNIVERSITY OF ALBERTA. Downloaded on May 25,2025 at 22:20:55 UTC from IEEE Xplore.  Restrictions apply. 



646 IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 33, NO. 2, FEBRUARY 2025

fuzzy rule-based classification system specifically for real-world
financial applications. In this system, interval-valued fuzzy sets
(IVFSs) were constructed. This extended the classical fuzzy
reasoning method to work with intervals instead of numeric
values throughout the inference process. Sanz et al. [29] also
outlined the use of an interval-valued fuzzy rule-based clas-
sification system specifically designed for medical diagnosis
of cardiovascular diseases. The methodology integrated fuzzy
rule-based classification systems with interval-valued fuzzy sets
in three steps: The linguistic labels of the classifier were modeled
using IVFSs; during the inference process, the Kα operator was
employed to handle the interval data more effectively; using
genetic tuning to adjust the degree of ignorance that each IVFS
represents and Kα parameters. In summary, while previous
studies have achieved some enhancements in regression models,
these improvements have often focused on interval information
granules. It becomes also beneficial to explore other types of
information granules.

III. RULE-BASED MODELS AND THEIR DEVELOPMENTS

The generic TS rule-based model [30] dwells upon a collec-
tion of rules

−if x is Ai(x), then yi = bi (1)

where Ai(x)s, i = 12, …,c, are fuzzy sets defined in Rn and the
conclusions of the rules are constants (bi). In general, the con-
clusions could be considered as linear functions or polynomials.
For any input xk, the resulting output (conclusion) is determined
as a linear combination of local constant functions weighted by
the corresponding activation levels of the rules Ai(xk), namely
ŷk=

∑c
i=1 Ai(xk) bi.

The construction of rule-based model is well-documented and
supported by numerous detailed analyses [31], [32], [33]. The
design is completed on a basis of a collection of input–output
pairs of data (xk, targetk). The fuzzy sets Ai(x) standing in the
condition parts of the rules are developed by clustering data xk
located in the input space. Commonly, fuzzy C-means is used,
which leads to a collection of prototypes (vi) and subsequently
the fuzzy sets Ai, i = 12, …,c. The conclusion parts are opti-
mized by minimizing a sum of squared errors regarded as a loss
function L

L =
1

N

N∑
k = 1

(ŷk − targetk)
2 . (2)

The analytical solution to the above estimation problem,
namely a vector of constant conclusions b= [b1, b2, . . . ,bc]

T is
obtained in the following way:

b = (ATA)
−1

AT target (3)

where

A =

⎡
⎢⎣
A1(x1) · · · Ac(x1)

...
. . .

...
A1(xN) · · · Ac(xN)

⎤
⎥⎦ , target =

⎡
⎢⎣

target1
...

targetN

⎤
⎥⎦ .

Fig. 2. Nonlinear function along with uniformly distributed data (data shown
by dots).

Fig. 3. Resulting rule-based models. (a) c = 2. (b) c = 5. (c) c = 10.

As an illustrative example being used throughout the study,
we consider a 1-D nonlinear function described as

f (x)= sin (x) +0.5 sin (4x) (4)

defined over the input space [0, 5]. The plot of the function is
displayed in Fig. 2.

The training data consists of 400 input–output pairs, D =
{(xk, targetk)}, k = 12, …,400. Fig. 3 shows the location of
the obtained pairs (vi, bi), i = 12, …,c, with c = 2, 5, 10
clusters. The prediction results for both the training and testing
datasets are depicted as solid and dashed lines, respectively. The
values of the root-mean-squared error (RMSE), i.e.,

√
L, com-

puted over the testing data are 0.41, 0.16, and 0.09, respectively.
As visualized, higher numbers of rules (5 or 10) produce a good
fit to the original function.

A. Construction of Information Granules

We discuss two key ways of building information granules:
1) generating type-2 fuzzy sets (intervals and fuzzy sets) by
engaging the principle of justifiable granularity. 2) Forming
probabilistic information granules produced by the GP model.

1) Principle of Justifiable Granularity: The principle of jus-
tifiable granularity [34] refers to the way of representing a
collection of numeric data by a single information granule (for
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instance, an interval, or a fuzzy set) by assuring that the con-
structed information granule is supported by the data and at the
same time it is specific enough (viz. carries a well-defined se-
mantics). In other words, information granules deliver a certain
level of abstraction at which the essence of numerous data is rep-
resented as an interpretable piece of knowledge. For instance, by
eyeballing a list of temperature readings over the last month, the
information granule comes as moderate temperature described
as a certain fuzzy set. This fuzzy set conveys a meaningful and
actionable piece of knowledge. In what follows, we outline a
process of building information granules.

We have a set weighted data xk, k = 12, . . . ,N , along
with their corresponding weights ωk, assuming values on [0,
1]. The optimization procedure behind the construction of the
information granule T consists of two main phases. First, a
numeric representative of data is formed; it could be a mean,
weighted mean or modal value, among other options. Next the
parameters of the information granule for the increasing and
decreasing parts of the granule are determined. For the interval
T = [lb, ub], we separately determine the lower and upper
bound. For T being a fuzzy set with some type of membership
function specified in advance, the parameters of the increasing
and decreasing portions of membership function are estimated.
Following the above process, we determine an optimal interval
granule distributed around the mean m of the available data.

In the optimization process, the two essential characteristics
of information granules, namely coverage and specificity, are
considered.

1) Coverage (cov) describes the extent to which T is sup-
ported by the data.

2) Specificity (sp) states how specific the constructed granule
is.

The detailed calculations proceed as follows.
For the lower bound of the interval granule, we determine the

coverage and specificity as follows:

cov =
1

N

∑
k: xk∈[lb, m]

ωk

sp =
1

N

N∑
k=1

max

(
0,

(
1− |m−lb|

range

))
(5)

where range is the distance between minimal value of x in
the data and mean value m. (Instead of the mean value, one
can consider some other numeric representative of data such as
median.)

For the upper bound, we compute coverage and specificity as
follows:

cov =
1

N

∑
k: xk∈[m, ub]

ωk

sp =
1

N

N∑
k = 1

max

(
0,

(
1− |ub−m|

range

))
(6)

here range is the distance between maximal value of x in data
and mean value m.

From the abovementioned formulas, it is visible that the
higher value of coverage comes with lower values of specificity
and vice versa. Given this inherent conflicting nature of coverage
and specificity, our objective is to produce the highest values of
these two measures; we aim at the maximization of their product,
V = cov∗sp. This optimization is carried out for the lower bound
and the upper bound independently. The optimization of the
bounds lb and ub is achieved by maximizing the V.

Consider triangular fuzzy set T(x). It is characterized by three
key parameters: the lower bound (lb), the upper bound (ub), and
the central point whose value is set as m.

In this case, the coverage of the lower bound is described as

cov =
1

N

∑
k: xk∈[lb, m]

min(T (xk), ωk). (7)

However, it should be noted that the computation of specificity
for the triangular fuzzy set concerns a family of α-cuts where
α ∈ [01]. Using lower bound as the example (viz. focusing on the
increasing part of the membership function), for a fixed value of
α, the interval granule is [lb+(m−lb)α, m], the corresponding
specificity is spα= 1−|m−(lb+(m−lb)α)|

range . Thus, the specificity
is computed as the integral taken over α-cuts, namely

sp =

∫ 1

0

spα dα (8)

where range is distance between m and minimal value in data
set.

For computing the upper bound, the detailed formulas of
coverage and specificity read as follows:

cov =
1

N

∑
k: xk∈[m, ub]

min(T(xk), ωk)

sp =

∫ 1

0

spα dα (9)

where spα= 1−|(ub−(ub−m)α)−m|
range and range = max(x)−m.

Therefore, the objective function for determining the optimal
lower or upper bounds is defined as the product of two compo-
nents V = cov∗sp.

The principle of justifiable granularity becomes instrumental
in the transformation between information granules. Given is
an information granule A, namely an interval built on a basis
of some data D0. An information granule B is equivalent to A
if it satisfies the equality: cov(A)∗sp(A) = cov(B)∗sp(B). Where
the coverage measures, cov(A) and cov(B) are computed with
respect to some data D0. Thus, in this manner, we can transform
an interval A to a trapezoidal fuzzy set or transform between two
fuzzy sets having different membership functions.

2) GP Model: GP model [35] generates a probabilistic infor-
mation granule described by some Gaussian distribution. It is a
Bayesian model which in the presence of data D, for any input x∗
produces the corresponding output N(m(x∗), σ(x∗)). m(x∗) can
be used as the numeric output of the model as it represents the
best estimate for input x∗, and σ(x∗) represents the uncertainty
associated with this prediction, where

m( x∗) = k(x, x∗)T k(X, X)−1target (10)
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and

σ( x∗) = k( x∗, x∗)−k(X, x∗)T k(X, X)−1k(X, x∗) (11)

where k stands for the kernel function and

k (X, x∗) =

⎡
⎢⎣
k (x1, x

∗)
...

k (xN, x
∗)

⎤
⎥⎦ ; target =

⎡
⎢⎢⎢⎣

target1
target2

...
targetN

⎤
⎥⎥⎥⎦

k(X, X =

⎡
⎢⎣
k(x1, x1) · · · k(x1, xN )

...
. . .

...
k(xN , x1) · · · k(xN , xN )

⎤
⎥⎦ . (12)

The GP model comes with a high degree of flexibility as there
are a number of possible kernels among which one can include
RBF kernels, Matern kernels, and rational quadratic kernels as
representative examples

RBF kernels

k (xi, xj) = a2exp

(
− 1

2l2
‖xi − xj‖2

)
(13)

where l > 0 is the length-scale (larger l means more slowly
varying kernel) and a > 0 is a scaling factor.

Matern kernels

k(xi,xj) =
21−v

Γ(v)

(√
2v‖xi−xj‖

l

)v

Kv

(√
2v‖xi−xj‖

l

)
(14)

where l is the length scale, v is a positive shape parameter that
determines the smoothness of the kernel. Γ denotes the gamma
function, K is the modified Bessel function of the second kind.

Rational quadratic kernel comes in the form

k(xi,xj) =

(
1+

‖xi−xj‖2
2al

)−a

(15)

where a > 0 specifies the degree of smoothness, and l > 0
controls the scale.

The symbol ||·|| stands for Euclidean distance. The parameters
of the above kernel functions, organized in a single vector θ, are
optimized by maximizing the log-likelihood estimation criterion
(LL), essentially equating to minimize negative log-likelihood
(NLL), i.e., θopt= argminθ (NLL), where

LL = − 1

2
targetT k(X, X)−1target− 1

2
log |k(X, X)|

− N

2
log(2π) (16)

where NLL = −LL, |k(X, X)| denotes the determinant of
k(X, X).

The optimization process involves the limited-memory
Broyden–Fletcher–Goldfarb–Shanno with Bounds algorithm
[36], which is a type of Quasi–Newton methods. It uses the
gradient of the objective function NLL and the estimated value
of the Hessian matrix H to guide the updates of the parameters to
converge to the extreme value faster. The parameters are updated

Fig. 4. Optimization of NLL for different kernels. (a) RBF kernel. (b) Matern
kernel. (c) Rational quadratic kernel.

by

θiter+1 = θiter −[H(NLLiter)
]−1 ∂NLLiter

∂θiter
. (17)

Returning to the 1-D data presented in (4), the GP model is
constructed by using the pairs (vi, bi), i= 12, …,c, being treated
as the observed data. Considering c= 10, the optimization of the
NLL leads to the results depicted in Fig. 4 and 5, respectively. In
Fig. 4, the initial settings for the parameters in different kernel
functions are as follows: For RBF kernels, 1.0 and 1.0 for l and
a, respectively, for Matern kernels, both l and v start at 1.0, the
Rational quadratic kernels similarly start with parameters l and
a each at 1.0.

From above Fig. 5, the length scale parameter l in RBF,
Matern, and Rational quadratic kernel function are 0.49, 0.56,
and 0.54, respectively, which indicates the importance of cap-
turing key information within a relatively compact feature
space. The smaller length scale means that data points, even
those closely spaced, might be perceived as distinct, rendering
the model particularly sensitive to data variations. The vertical
scale or the amplitude of the RBF function is controlled by
parameter a, it is 0.69. This smaller value suggests a limited
scope of fluctuation in the model’s output. In Matern kernel, the
optimal parameter v is 9.5 so that it generates a smooth function.
As for the parameter a, larger a indicates a preference for
capturing variations across broader scales within the data. When
a is larger, the kernel behaves more similarly to the RBF kernel,
suggesting that the model perceives the data variations as more
uniform across different scales, rather than distinctly variable,
leading to a model less sensitive to small-scale fluctuations.

Continuing with examples, we consider the RBF kernel as an
example, for new data x∗, m( x∗) is considered as the predicted
numeric output following (10) for different number of rules
and shown with dash line in Fig. 6. The corresponding optimal
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Fig. 5. Contour and 3-D plots of NLL as a function of parameters.
(a) and (b) RBF kernel. (c) and (d) Matern kernel. (e) and (f) Rational quadratic
kernel.

Fig. 6. Prediction results for GP models. (a) c = 2. (b) c = 5. (c) c = 10.

parameters by minimizing NLL (16) and resulting RMSE values
are shown in Table I.

Compared with the output observed from the rule-based
model in Fig. 3, it is noted that with smaller rules (c = 2, 5),
the rule-based model surpasses the GP model in performance.
However, this trend reverses with an increase in the number

TABLE I
PARAMETERS OF KERNELS AND THE CORRESPONDING RMSE VALUES

FOR DIFFERENT NUMBER OF C AND SELECTED KERNELS

Fig. 7. RMSE as a function of parameters. (a) RBF kernel. (b) Matern kernel.
(c) Rational quadratic kernel.

of rules (c = 10), where the GP model then exhibits better
performance as the number of observed data becomes larger.

As the mean value m( x∗) is used as the numeric output of
the model, the RMSE could also be considered as the objective
function to optimize the corresponding parameters of the ker-
nels. In what follows, we present how the RMSE varies with the
parameters of some kernels.

Comparing Fig. 5–7, it is observed that the trends of the
objective functions, RMSE and NLL, are inversely related with
respect to the parameters. Furthermore, when analyzing the
outcomes (c = 10) presented in Table I alongside those depicted
in Fig. 7, it is evident that the RMSE values from Fig. 7 are
smaller. This implies that employing RMSE as the objective
function yields more precise results compared to utilizing NLL
as the target function. To further confirm this, we employ a
GP model with an RBF kernel function for 2-D synthetic data
depicted in Fig. 8(a). We achieve parameter optimization by min-
imizing the objective functions RMSE and NLL. Subsequently,
the optimal parameter values are used to derive the predicted
numerical results, which are illustrated in Fig. 8(b) and (c),
respectively, where circles show a location of the prototypes.
The RMSE values obtained for the two methods are 0.425 and
0.503, respectively. Thus, in what follows, we use RMSE as the
objective function to optimize the parameters.
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Fig. 8. Two-dimensional data and model outputs. (a) Data. (b) Outputs with
RMSE as objective function. (c) Outputs with NLL as objective function.

IV. GRANULAR FUZZY MODELS

The numeric value of conclusion (bi) can be considered as the
optimal constant in the output space. The model can be elevated
to the granular counterpart by building granular conclusions Bi

distributed around bi. This leads to the granular rules, which in
contrast to the TS model, produce granular outputs. The structure
of the ith granular rule now reads as

−Ifx isAi (x) , then yi = Bi, i = 12, . . . , c. (18)

A. Granular Rule-Based Model

Structurally, the rules (18) can be referred to relational rules.
They resemble rules originally introduced by Mamdani. The
granular Bi can be represented either as an interval or a fuzzy
set. For the interval output, we have Bi = [lbi,ubi]. Bi can be also
treated as fuzzy sets, in particular described by a triangular fuzzy
set, denoted as Bi = T(x) with the parameters lower bound lbi,
constant conclusion bi and upper bound ubi. The information
granules are constructed by invoking the principle of justifiable
granularity, as discussed in Section III. Let us focus on the
construction of Bi standing in the ith rule. As before, we have a
collection of weighted data (targetk,ωk), k= 12, …,N, whereωk

represents the associated weight of corresponding targetk that is
equal to the corresponding membership grade Ai(xk) standing
in the condition part of rule. In the calculations of coverage
and specificity, we confine to the range that spreads across the
interval between the constants bi-1 and bi+1 (assuming that
the constants have been organized in increasing order).

Once the optimal lower and upper bound for the conclusion of
each rule have been determined, we aggregate the granular rules
to produce the final result in the form of interval as follows:

Yk =
c∑

i=1

Ai(xk) Bi =
c∑

i=1

Ai(xk) [lbi, ubi] . (19)

Fig. 9. Predicted interval output of rule-based models. (a) c = 2. (b) c = 5.
(c) c = 10.

Fig. 10. Predicted triangular fuzzy set output of rule-based models. (a) c = 2.
(b) c = 5. (c) c = 10.

Yk becomes an interval [yLk , yRk ], where yLk=
∑c

i=1

Ai(xk) lbi and yRk =
∑c

i=1 Ai(xk) ubi. For triangular fuzzy
set Yk, it is described as T(x) with parameters yLk , yMk , and
yRk , where yMk =

∑c
i=1 Ai(xk) bi, yLk=

∑c
i=1 Ai(xk) lbi, and

yRk =
∑c

i=1 Ai(xk) ubi.
For the rule-based model for data shown in Fig. 2, the corre-

sponding granular results (interval and triangular fuzzy set) for
c being 2, 5, and 10 are shown in Figs. 9 and 10, respectively.
The values of V obtained for the increasing number of rules for
interval conclusions are 0.47, 0.48, and 0.63, respectively. The
fuzzy sets displayed come with the values of V equal to 0.28,
0.44, and 0.57, respectively.

There is a visible tendency: with the increase of the number
of rules, the specificity increases and subsequently the values
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Fig. 11. Probabilistic granular results of GP models. (a) c = 2. (b) c = 5.
(c) c = 10.

of V become higher. This is visible both for the intervals and
triangular fuzzy sets.

B. Probabilistic GP-Based Fuzzy Rule-Based Model

To form the GP model, we consider the prototypes pairs
(vi, bi), i = 12, …,c, that could be sought as the numeric
landmarks of the fuzzy rule-based model. Then, the probability
distribution of the prediction results for the new data is obtained
by (10) and (11). The optimization of the parameters standing
in different kernel functions has been studied in Section III.
Using RBF kernel as an illustrative example, based on these
optimized parameters, the Gaussian probabilistic information
granules (prediction with 95% confidence interval) are shown
in Fig. 11 with c being 2, 5, and 10. The circles denote prototypes
and data are represented by dots.

The predicted outcomes, expressed in terms of probabilis-
tic granularity, exhibit a notable specificity for data near the
observed points. A larger number of rules makes more specific
prediction information granules. Compared with the interval and
fuzzy information granules in Figs. 8 and 9, it is observed that
probabilistic granules seem to be broad (low specificity) when
there are few rules. However, with an increase in the number of
rules, the granularity of the results from the GP model becomes
finer.

Probabilistic information granules can be converted into inter-
vals or fuzzy sets by using the principle of justifiable granularity.
As the probabilistic information granules produced by GP are
governed by normal distribution, the calculations are carried out
as follows. Let N(0, σ) denote a Gaussian probability function
p(x)with the zero mean and standard deviationσ. Assume T is an
interval distributed around zero with a spread d to be optimized.
The coverage is computed in the form cov(T) =

∫ d

−d p(x)dx,
whereas the specificity sp(T) is 1− 2d/6σ= 1−d/3σ. dopt is

Fig. 12. Interval granules of the GP model. (a) c = 2. (b) c = 5. (c) c = 10.

Fig. 13. Triangular granules of the GP model. (a) c = 2. (b) c = 5. (c) c = 10.

produced by maximizing the product of coverage and speci-
ficity; dopt= maxd [cov(T )sp(T )]. In the same way, one ob-
tains the parameters of the fuzzy set. The corresponding
coverage and specificity are cov(T) =

∫ d

−d T (x)p(x)dx and

sp(T) =
∫ 1

0 1−|bα−aα|
6σ dx , where aα and bα are the lower and

upper bound of the α-cut for fuzzy set T(x). The optimal spread
d for interval and triangular fuzzy set could be determined by
maximizing the product of coverage and specificity. Through
computation, the relationship between the spread d and stan-
dard deviation σ for interval granule is d = 1.15715σ and for
triangular fuzzy set, one has d = 1.64395σ.

The probabilistic granular results converted to interval and
triangular information granules are shown in Fig. 12 and 13,
respectively.

The probabilistic information granules resulted from other
kernels could also be converted to intervals or fuzzy sets. In
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TABLE II
VALUES OF V OBTAINED FOR DIFFERENT NUMBER OF RULES

AND SOME KERNELS

Fig. 14. Performance index as a function of the number of clusters.

Table II, the values of V are recorded for different kernel func-
tions.

As the number of rules grows, the model gains the ability
to capture more detailed patterns, thereby reducing the discrep-
ancy between the granular and actual values. The performance
obtained for different kernel functions does not vary visibly.

V. EXPERIMENTAL STUDIES

In this section, detailed experimental studies on machine
learning dataset are conducted, focusing on evaluating the per-
formance of various models. To ensure a comprehensive anal-
ysis, the dataset is randomly partitioned (uniform distribution)
into the training and testing sets at the rate 80-20%. The exper-
imental setup is as follows.

Rule-Based Model: It involves creating c rules, c = 2, 3,. . .,
10. The optimal number of rules copt is determined when
further increase of the value of c does not lead to noticeable
improvements in performance, i.e., L(copt + 1)/L(copt) < 0.95.
Then, combine these rules to make predictions in the numeric
level. The principle of justifiable granularity is used to generate
granular rules, intervals, or fuzzy sets.

GP-Based Model: A probabilistic model used in regression
and classification in which predictions are made based on Gaus-
sian distribution. The mean value can be considered as the nu-
meric output and the corresponding Gaussian distribution could
be converted to the interval or triangular information granules.

Using the dataset Boston Housing as an example, we run the
rule-based model and GP-based model and then express their
results as follows. Fig. 14 shows the performance index RMSE
regarded as a function of the number of clusters for training
data with solid line and testing data with a dash line. As the
number of clusters increases, there is a noticeable decrease in
training error; however, the testing error begins to increase once
the number of clusters exceeds six. The primary reason for the
rise is likely overfitting. With more clusters, the model tends to fit

Fig. 15. Distribution of prototypes versus the spread of the data targets.

Fig. 16. Granular criteria as a function of the corresponding bounds for each
bi.

Fig. 17. Conclusion part of granular rules. (a) Interval. (b) Triangular fuzzy
set.

the training data more closely, capturing noise and idiosyncrasies
in the training set that fail to generalize to the testing set.

Considering c= 4 for illustrative purposes, the final optimized
bi are shown with circles in the Fig. 15. It shows the position of
the prototypes related to the original data output.

The number of clusters affects the performance of a rule-based
model. The performance RMSE of the model at the numeric level
is 7.39. Considering the optimal prototypes, the principle of jus-
tifiable granularity is used to determine the information granules,
i.e., their lower bounds and upper bounds. Using interval-valued
granules as illustration, Fig. 16 presents the characteristics of the
granules, cov, sp, and V, as a function of the bound range around
the corresponding prototypes. The optimal values for lower and
upper bounds are determined by maximizing the corresponding
index V and they are visualized in Fig. 16.

Then, the granular results for each rule (each consequent bi)
are shown in Fig. 16. Fig. 17(a) shows the interval outputs and (b)
depicts the triangular outputs for the corresponding prototypes
marked with circles.
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Fig. 18. Granular results of rule-based model. (a) Interval. (b) Triangular fuzzy
set.

Fig. 19. Granular results for GP-based model with. (a) RBF. (b) Matern.
(c) Rational quadratic.

Then, we can aggregate all granular outputs following (15). In
Fig. 18, we show the predicted interval and triangular output as
a function of data target when the number of clusters is 4. The
evaluation criterion V for interval and triangular information
granules is 0.37 and 0.32, respectively.

As for the GP method, we use the optimal four prototypes as
the observed data. Based on the observations, we could obtain
the predictions for the new data. In what follows, we show the
final granular results converted by the probabilistic results with
different kernel functions used in GP method. The performance
index V for the granular model with RBF kernel function is
0.21 and 0.11 in terms of the interval granule and fuzzy sets,
respectively. As for the Matern kernel, the index is 0.19, 0.08,
respectively, for Rational quadratic kernel, they are 0.18, 0.08
for interval and fuzzy set information granules, respectively.
The granules and the corresponding standard deviation σ of the
probabilistic results are depicted in the following Fig. 19.

In addition, the experiments are also implemented based on
other datasets, with each dataset being tested 50 times to ensure
robust results. The optimal number of clusters copt that perform
well in most trials is selected. The optimal parameters of kernels
are determined by minimizing the RMSE values. The quality of

Fig. 20. RMSE as a function of parameters for GP-based model with optimal
kernels. (a) House price. (b) Apple Final.

Fig. 21. NLL as a function of parameters for dataset. (a) House price.
(b) Apple Final.

the model is assessed and recorded in the numeric and granular
level for testing data, it is RMSE and product (V) of coverage
cov and specificity sp, respectively, refer to Table III.

Based on the data presented in Table III, it is evident that the
GP model yields varying outcomes when applied with distinct
kernel functions. This variation underscores the significance of
selecting an appropriate kernel function tailored to the specific
dataset. In essence, this highlights the importance of understand-
ing the characteristics of the dataset and the behavior of different
kernels to achieve the best performance from the GP model.

Using the dataset House price, and Apple Final with the
optimal kernels marked in Table III as illustrative examples,
the RMSE as a function of parameters and NLL as a function of
parameters are shown in Figs. 20 and 21, respectively.

The findings indicate divergent trends in RMSE and NLL as
parameter values change. By minimizing RMSE or NLL to op-
timize parameters, the model with optimal parameters achieves
performance index RMSE of 3.84 and 4.65, respectively, for
dataset House price. For dataset Apple Final, they are 0.038 and
0.042, respectively. The evidence presented further solidifies the
argument that employing RMSE as the metric for parameter
optimization is a judicious decision.

It is worth noting that the GP model, being more flexible,
outperforms the rule-based model in terms of accuracy and
generalizability (granularity) for lower (one) dimensional data.
However, in terms of machine learning dataset, mostly the rule-
based model might be simpler to understand with high accuracy.
The reason is that the GP model performs badly for high-
dimensional data as the distance in the kernel functions could
be challenges or problematic in high dimensional spaces [37].
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TABLE III
PERFORMANCE OF THE GRANULAR MODELS FOR SEVERAL DATASETS; THE BEST RESULTS SHOWN IN BOLDFACE FOR TESTING DATA
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VI. CONCLUSION

Rule-based models traditionally produce numeric outcomes,
but it is important to acknowledge that these numeric results
are approximations rather than precise values. Recognizing the
limitations inherent in numeric outputs, this study advocates for
a transformative approach within the realm of fuzzy rule-based
modeling. The proposal for incorporating granular output into
the rule-based model addresses these uncertainties by enhancing
the model’s ability to express and manage them. To this end,
the research introduces two novel model frameworks. The first
framework focuses on the generation of granular rules, offering
a more nuanced interpretation of data. The second framework
utilizes the GP method for a more sophisticated function fitting
approach, diverging from conventional rule-based methodolo-
gies. The empirical findings from this study strongly support the
effectiveness of the granular approach, underlining its practical
advantages over traditional methods in the following way: Gran-
ular outputs can better represent the ambiguity and imprecision
inherent in many real-world systems, offering more nuanced
insights into the model’s predictions. The proposed models
have broad applicability across various domains, particularly in
areas such as housing price prediction and energy consumption
forecasting. Their ability to handle granular outputs makes them
especially valuable in sectors where data is subject to variability
and uncertainty.

In future research, active learning could be considered to
further improve the quality of the granular models. Active
learning potentially refines the granular models by selectively
querying the most informative data points for inclusion in the
training set. This approach would likely enhance the efficiency
and effectiveness of model training, particularly in complex or
uncertain data environments.
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